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1 Introduction.
A pair of twin primes p1, p2 consists of two prime numbers such that:
p2=p1£2

i.e. they have a difference of two.

The Conjecture is so called because it is not known whether there is an infinite number
of these twin primes.

The aim of this paper is to provide a solution for this conjecture.

IN is the set of natural numbers including 0.

IN* is the set of natural numbers excluding 0.

IP is the set of prime numbers.

An essential instrument used in this paper is the set of non-prime or composite odd
numbers, completely identified, with no particular features of any class, based on a set defined
here as {m} of the natural numbers m from which the non-prime odd numbers are obtained:

{m}={m € IN/(2m+1) & IP}

This demonstration begins to be developed in section 2, defining the set {m} and the set
{m + 1}, which is constructed by adding 1 to the elements of {m}.

This is continued in section 3, which proposes and demonstrates a biconditional, i.e. a
condition of the type “if and only if” (<), between the truth of the Conjecture and the set

obtained from the union {{m} U {m + 1}. The condition in question is:

The Conjecture is false “if and only if” there is a natural number no such that, for every
n € IN, (no+n) € {{m} U {m+1}}.

A set that meets this condition could be denoted as a “continuous set of natural numbers”
(hereinafter, csnn), in the sense

that it contains a number such that all greater natural numbers also belong to this set.
Thus, any finite set of numbers can be removed from a csnn in such a way that this set
will continue to be a csnn, and at the same time, the csnn will continue to be a csnn if it is



translated by #; units (n; € IN*). Translating a set by »n; units means adding the value n; to each
of its elements.
This paper ends by demonstrating the truth of the Conjecture by reductio ad absurdum.
It is assumed that the Conjecture is false and, after unit translation of the set {{m} U
{m+ 1}} by adding 1 to each of its elements, a false result is obtained. This contradicts the
relevant results of the general Prime Number Theorem.

2 The set {m}.

Any non-prime odd number (2m + 1) can be expressed in general as:

2m+1=2x+ 1) 2y+1)=22xy+tx+y)+1

for every pair of values (x, y) € IN*.

If 2m + 1 is a composite number, it is the product of at least two numbers other than 1. If
it is the product of more than two numbers, based on the associative property of multiplication,
it can always be converted into a product of two numbers other than 1.

Furthermore, the product of two numbers under this condition is always a composite
number.

The set {m} = {2xy + x + y} is the set of natural numbers m, from which all non-prime
odd numbers are obtained.

The set {m + 1} is the set obtained from {m} by adding 1 to each of its elements:

m+1}={2xy+x+y+1}.

The subset {m+ 1}, C {m + 1} is the subset of elements of {m + 1} that are not elements
of {m}, and therefore, for those, (2(m + 1), + 1) is a prime number.

3 Proposition.

The Twin Prime Conjecture is false if and only if there is a number no € IN such that for every
n € IN, the number (no +n) € {{m}U {m+1}}.

3.1 Demonstration.
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If the Conjecture is false, then there is a last pair of twin primes.
Let this be the pair consisting of (2n0 — 3) and (210 — 1).

- If the number: (2(no + n) + 1) is not prime = (no+ n) € {m}.
- If the number: (2(no + n) + 1) is prime = (no + n) & {m},

and the preceding and following odd numbers are not prime:
2mo+n—-1)+1)and 2(no+n+1)+1)

and therefore,

(no+n—1) € {m} = (n0+n) € {m+ 1}.

<)

If there is a number no such that for every n € IN, the number (no +n) € {{m} U {m + 1}},
then the Conjecture is false.

- If (no + n) € {m}, (2(no + n) + 1) is not prime and will not be part of a pair of twin
primes.

- If (no+n) € {m+1},, (2(no + n)+ 1) is prime, and the following statements are true:

a)(mo+n)& {m} = (no+n) € {m+1} = (mo+tn—1) € {m}.

The number (2(no + n— 1) + 1) =2(no + n) — 1 is not prime.

by(no+n) & {m} = (mo+n+1)&{m+1} = mo+n+1) € {m}.

The number (2(no + n+ 1) + 1) = 2(no + n) + 3 is not prime.

Conclusion: (2(no + n) + 1) is not one of a pair of twin primes.

4 Proposition.
The Twin Prime Conjecture is true.
4.1 Demonstration by reductio ad absurdum.

Suppose the Conjecture is false, and therefore:
dno € IN/V n € IN, (no+n) € {{m} U {m+1}}
where (2no — 3); (2 no — 1) is the last pair of twin primes, which implies that: {(no — 2);
(no—1)} & {mj}.

After unit translation of the elements:

(no+n) € {{m}U{m+1}};( n € IN)

it must hold that:

Amo+1)/v n €IN,(no+1+n) € {{m+1}U {m+2}}

implying that the unit translation consists of adding 2 to the elements (no + n) € {m};
(n € IN).

- After the unit translation, then:

[(mo+1+k) € {m+1},;(k € IN)]



is any number greater than or equal to (no + 1).
Therefore, [2(no + 1 + k) + 1] is any prime number greater than or equal to (2n0 + 3).

As aresult: [(no + 1 +k £ 1) € {m}], because there are no twin primes greater than
(2no — 1).

It therefore holds that: [(no + 1 + k£ +2) € {m + 1};], because there are only two ways in
which (no+ 1 +k+2) € {{m+1}U {m+2}} can be true:

1)if (no+ 1+ k) € {m}, because the translation transforms this into (no + 1 + k + 2). This
proposition is impossible because (2(n0 + 1 + k) + 1) is prime.

2)if (mo+1+k+2) € {m+ 1},, because the elements of {m + 1}, are not changed by
the translation.

Therefore, it must hold that: [(no+ 1 +k+2) € {m+1},]and [(no+1+k £ 1) € {m}]

The condition obtained above, where (n0 + 1 + £+ 2) must be a member of the set {m + 1},
requires this same membership condition for all [(no + 1 + k + 2k’); (K € IN#)], as shown
below.

(mo+1+k+2)€ {m+1}, = (no+1+k+3) € {m}, as there are no pairs of twin
primes greater than (2no — 1).

Furthermore, if (no+1+k+3) € {m} = (no+1+k+4) € {m+ 1},, because there are
only two ways in which (no + 1 +k+4) € {{m+ 1} U {m + 2}} can be true:

1)if (no +1+k+2) € {m}, because the translation transforms this into (7o + 1 + k + 4).
This proposition is impossible because (2(no+ 1 + £+ 2) + 1) is prime.

2)if(mo+ 1 +k+4) € {m+ 1},, because the elements of {m + 1}, are not changed by
the translation.

Thus, it must hold that: [(no + 1 +k+4) € {m+1},]and[(no+ 1 +k+4 £ 1) € {m}].

And so on indefinitely.

The conclusion obtained is false, contradicting the results of the general Prime Number
Theorem regarding the distribution of prime numbers; specifically, when X — o

[ o= 7z

It also contradicts the distribution of multiples of 3, 5, 7, etc. on the real line.

Because the proposition that was assumed to be true leads to a false conclusion, the
proposition must be false, and therefore the Conjecture is true.
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